3.3 ½ Spherical Geometry


Neutral Geometry (axioms below) is a structure that works for all of the “Big Three” geometries:
Euclidean, Spherical, and Hyperbolic.  You just make certain choices about the distance boundary and the situation about parallel lines and you choose one of the 3.  Absolute Geometry is what we’re building in our textbook – it’s is only about Euclidean and Hyperbolic Geometries.  They’re really not the same thing at all though some website authors seem to use the terms interchangeably.  
So, get a 6” diameter ball, a handful of rubber bands that fit snugly on the ball, and some sticky dots. Also have on hand a little protractor – one of those hard plastic semi-circle ones – clear plastic if you can get it.  Let’s get started.

The Axiomatic Structure for Neutral Geometry

Undefined terms:

point, line, plane, space

Axioms:

A1
To each pair of points (A, B) is associated a unique real number, denoted AB, with least upper bound, 

A2
For all points A and B, AB 
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 0, with equality only when A = B.

A3
For all points AB = BA.

A4
Given any four distinct collinear points A, B, C, and D such that 


A – B – C, then either D – A – B, A – D – B, B – D – C, or B – C – D.

A5
Each two points A and B lie on a line, and if AB <  , that line is unique.

A6
Each three noncollinear points determine a plane.

A7
If points A and B lie in a plane and AB < , then the line determined by A and B lies in that plane.

A8
If two planes meet, their intersection is a line.

A9
Space consists of at least four noncoplanar points, and contains three noncollinear points.  Each plane is a set of points of which at least three are noncollinear, and each line is a set of at least two distinct points.

A10
(Ruler Postulate):  Given line L and two points P and Q on L, the points of L can be placed into one – to – one correspondence with the real numbers x such that


( x ( (called coordinates) in such a manner that



1.   points P and Q have coordinates 0 and k > 0, respectively



2.   if A and B on the line have coordinates a and B, then AB is





[image: image2.wmf]2

abifab

abifab

a

aa

ì--£

ï

í

ï

--->

î


A11
(Plane Separation Postulate):  Let L be any line lying in any plane P.  The set of all points in P not on L consists of the union of two subsets H1 and H2 of P such that



1.  H1 and H2 are convex sets




2.  H1 and H2 have no points in common

3.  if A lies in H1 and B lies in H2 such that AB < , line L intersects segment 
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A12
Each angle ( ABC is associated with a unique real number between 0 and 180 denoted m ( ABC.  No angle can have measure 0 or 180.

A13
(Angle Addition Postulate):  If D lies in the interior of ( ABC, then


m ( ABD + m( DBC = m ( ABC.

A14
(Protractor Postulate):  The set of rays 
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 lying in a plane and on one side of a given line 
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, may be placed into one – to – one correspondence with the real numbers x such that 0 ( x ( 180 (called coordinates) in such a manner that



1.   ray 
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 has coordinate 0



2.   if rays 
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A15
(Linear Pair Axiom):  A linear pair of angles is a supplementary pair.

A16
(SAS Postulate):  If two sides and the included angle of one triangle are congruent, respectively, to two sides and the included angle of another, the triangles are congruent.

Many of these should seem quite familiar.  The Ruler Postulate has some new things in it, though.

Visualizing the undefined terms:

point:
{(x, y, z)( 
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}  Note that our points are 3-dimensional in Euclidean geometry.  Each will have, of course, a single coordinate in Spherical geometry.   The equation for a sphere centered at the origin and where the length of the radius is 1 is the math expression that follows “such that” in the set above.  You may use a sphere of radius other than one at some other time, but it makes some calculations easier to have r = 1.

The  volume of a sphere is  
[image: image11.wmf]3

r

3

4

p

.  Here:
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.   This means our space is 
ounded!  Very non-Euclidean, indeed.    Euclidean 3-D space is unbounded.
The formula for the surface area of a sphere is 
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line:  Great Circle


Why are these “straight lines”?    What is “straight” on the floor or down the hall?

If you walk in a circle on the floor of the room, your outer leg goes farther with each step than your inner leg.  If you’re walking along a straight line down a hallway, then each leg moves the same distance with each step.

On a ball, if you walk so that each leg moves the same distance with each step, you will be walking on a “straight line” which is a circle of longitude or a “great circle”.  If you consistently move one leg a farther distance than the other you will trace out a circle on the surface of the sphere.

Each “great circle” is contained on the surface of the sphere and in a Euclidean plane that slices through the sphere and contains the center of the sphere:  (0, 0, 0) in our model.   The center of the sphere, (0, 0, 0), is NOT a point in our geometry but is an important reference point for us in the embedding space.

Circles, on the other hand, are the intersection of the surface of the sphere and a Euclidean plane that slices through the sphere and does not contain the center of the sphere.  Put a straight line on your ball with a rubber band and “walk” your fingers along it.  Now walk your fingers in a circle on the surface of the ball.  See the difference?

plane:
We will need to distinguish between surface plane (of which there is exactly one and this is the one in the undefined terms) and tangent planes in surrounding 3D space.  We will use the planes in 3D space that are tangent to the surface of the sphere to measure angles, but these are not the undefined term “plane”; these are Euclidean planes in the embedding space.

space:
We don’t have space in Spherical Geometry. It is on the list because the axioms can also create Euclidean and Hyperbolic geometries that do have “space”.
Working through the axioms, we have

A1
To each pair of points (A, B) is associated a unique real number, denoted AB, with least upper bound, 

In Euclidean and Hyperbolic geometry the boundary,  is infinity.  In Spherical geometry,   So our lines are NOT infinitely long, they are bounded above – and, in fact, below.

Let’s look at how long our lines can be by checking A10.

A10
(Ruler Postulate):  Given line L and two points P and Q on L, the points of L can be placed into one – to – one correspondence with the real numbers x such that


( x ( (called coordinates) in such a manner that



1.   points P and Q have coordinates 0 and k > 0, respectively



2.   if A and B on the line have coordinates a and B, then AB is
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In spherical geometry, the formula for a coordinate is in radian measure. It’s the central angle subtended by the point on the plane that slices through the sphere.  So if you start at (1, 0, 0) and walk along the equator to (0, 1, 0), the coordinate for that point is 
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And if you walk in the other direction to (0, (1, 0), the coordinate for that point is (
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The inequality in the axiom has one end open and the other closed, so that the point that is exactly at  doesn’t have TWO coordinates.  This was very carefully worked out and written out so that it “works”.

For 
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 we get Euclidean Geometry and Hyperbolic Geometry. 
For Spherical Geometry We will work on the sphere centered at the origin with radius length one.  We’ll go from 
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 in coordinates as we walk on the equator.
Let’s talk about the equator (put a rubber band on your sphere to model the equator, it’s a great circle).  Imagine the center of your sphere and the 3 axes coming through the sphere out into the embedding space where you are.  Start at point (1, 0, 0) and go around to 

((1, 0, 0).  You’ve gone halfway around the equator and if you keep walking you’ll get all the way back to (1, 0, 0).  You’ve gone a distance 
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 with half of the coordinates positives and the other half negatives.  This cannot happen in Euclidean Geometry.

So we’re going to pick   A10 (2) will now read:

if A and B on the lines have coordinates a and b, then AB is



[image: image21.wmf]ç

ç

è

æ

p

>

-

-

-

p

p

<

-

-

b

a

if

b

a

2

b

a

if

b

a


The model for Spherical Geometry is the surface of a sphere.    If point a is on the equator and is 
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 while point b is also on the equator and has a coordinate 
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.  Then the absolute value of their difference is 
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; this is how far apart they are.    If point c is 
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 and we want the BC, take the absolute value of the difference to get 
[image: image26.wmf]12

7

p

 which is larger than 
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 so that the distance is actually 
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.  Note that the formula guides you to the shortest distance between the points…not the longest.  Put an equator on your sphere with a rubber band and mark off these points with the dots.  Pick any point you want to be zero and either direction to be positive and work from there.

Backing up, we can discuss earlier axioms.
A1
To each pair of points (A, B) is associated a unique real number, denoted AB, with least upper bound, 


So now we know that distances are restricted to values between and(How


do we calculate distance?  What’s the distance formula?


D = r
where is the central angle between the two points in radian measure.  Now this formula does have a little wrinkle to it.  See A12, we still have the geometric angle restriction that angles measure strictly between 0 and 180.

A2
For all points A and B, AB 
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 0, with equality only when A = B.

A3
For all points AB = BA.

These are familiar enough.

A4
Given any four distinct collinear points A, B, C, and D such that 


A – B – C, then either D – A – B, A – D – B, B – D – C, or B – C – D.
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Let’s actually look at the plane that contains the equator with a central angle marked off and discuss between.

BC = 
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.   If the coordinate for B is 
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Now, is E between B and C.  Sure, that’s clear.  However, look at F.  Isn’t F between B and C along the arc outside the central angle.  Very non-Euclidean indeed.  And this situation does NOT contradict the axiom either.  Put sticky dots on a line on your ball and check the axiom out.

So we’ve got the old familiar linear Euclidean between, and Taxicab metrically between and now we’ve got a little ambiguous Spherically between.  Note that saying E is between C and B doesn’t tell you ANYTHING about where E is on one of our spherical lines.

Angles and Angle measure.

Let’s look at a line through the North and South poles and the equator on your ball.

Put a third line on the ball that crosses these.

Now, take your protractor and place it on the vertex of any angle.  Notice that it sticks out from the surface of the sphere and it only touches the sphere’s surface at the vertex.  This is perfect.  This is exactly the way we measure angles.  Now project the lines of the sides up to the plane that the protractor is in, lining one side up with the zero line of the protractor.  Where the other line touches the curve is the measure of the angle.

So Euclidean angles in the plane are used to measure Spherical angles on the surface of the sphere.

The angle axioms should be pretty familiar.  There’s nothing very unusual about angles except for projecting them through the embedding space to measure them.

There is an interesting relationship between two special points on a line in Spherical Geometry.  If the points are 180 degrees apart on a line, then the points are called antipodal.
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Put a point on a line and imagine a straight Euclidean line through the sphere’s interior to the other side.  These two points are related.  They’re like the North and South Poles…and if you rotate your ball just right they CAN be the North and South Poles.

This kind of point pair is called antipodal – i.e., points that are “across” from each other. Each point on the sphere has exactly one antipodal point that is  away from it.  This is a very non-Euclidean situation.

Given a line AB and a point C on it, there is exactly one point that is antipodal to C: D (think of the North and South Poles).  All lines through these polar points are intersecting in two points C and D.   Each of these intersecting lines is perpendicular to the line that is the “equator”.  Try this out on your ball.  Run a line through C and it’s antipodal point and then measure at the angles formed at C and with the equator.  They’re right angles at the equator…and hopefully, now you see three things:  two lines intersect at 2 points, the perpendicular to a line from a point not on the line is NOT unique, and there are no parallel lines to be had
Now go back and notice that the first axiom of our Neutral Geometry is NOT the first axiom of the system we’re building in the text.  Spherical Geometry is NOT a model of the axioms we’re building in Chapters 2 – 4.  That’s why I had to start off this lesson with the axioms for Neutral Geometry.

Now get another distinct antipodal pair and run a line through them.  Notice that it intersects BOTH of the lines we’ve got on the ball.  What happens if you put a fourth line on the ball – not through antipodal points, just anywhere.  

If I define parallel lines as lines that share no points, are any of these lines parallel?

Spend a few moments working out the situation about parallel lines.   It turns out that there are no parallel lines on the surface of a sphere. 

Now this ties in to a larger picture situation among all geometries.  In some geometries, like the Three Point Geometry, Fano’s Geometry, and Spherical Geometry, there are NO parallel lines.  In Euclidean Geometry and the 4-point 6-line incidence geometry (page 72) , if you have a line and a point not on that line there’s EXACTLY ONE line parallel to the given line through the point.  In other geometries, like Hyperbolic Geometry, and the geometry in text  Example 1 page 52 with the first model, there are MANY lines parallel to a given line through a given point not on that lines.   

So here we’ve lost parallel lines – along with corresponding external angles and alternate interior angles (these are strictly Euclidean notions). 

We still have good old polygons, though.  Given a finite set of line segments, if you connect the endpoints of the segments one to another and then attach the ends of the first and last segment with no crossings at interior points, you will get a polygon.  A closed figure that contains some amount of area of the plane.  These are triangles, quadrilaterals, dodecahedrons….and in Spherical Geometry we’ve got: 

BIANGLES, a two sided polygon with two angles.

Take all the lines off your ball.  Pick two antipodal points and run two lines through them.  You have just created 4 biangles.  These two-sided shapes are what you get if you cut a wedge of a cantaloupe and then peel off the rind in one piece.  These are strictly Spherical polygons.  The have bilateral symmetry and the two end angles are called summit angles. The sides are meridians of longitude to refer back to Earth vocabulary.

Theorem:
The summit angles of a biangle are congruent and the summit vertices are antipodal.

Theorem:
The area of a biangle area is 2
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, with r the radius of the sphere and 
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Theorem:
A finite number of biangles will cover the sphere

Run a third line through the antipodal points You will have divided the surface of the ball into 6 biangles.  This cannot happen in Euclidean geometry.  A plane in Euclidean geometry in infinite and cannot be divided into a finite number of polygons.  But the plane in Spherical Geometry is a bounded surface – it can fit into a box. 

Triangles and quadrilateral.  Yes, we’ve got them.
We will build some triangles and explore them.

On your ball, consider the line through the North and South poles (points N and S, line NS) and the equator, (line L), and call the center of the sphere O.

1. Choose points A and B on L at a distance /4 apart.  This will make ( AOB have a measure of 
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2. Draw the meridians of longitude through A and B – passing through N – so they are great circles.  This forms a spherical triangle (ABN.

3.  What is m(ANB?  (recall that we measure angles on the sphere using the lines tangent to the lines). It’s 
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.  Now the m(NAB and m(NBA are both 
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.  And if we add this up we get considerably more than  (180().  This is a big difference between Euclidean and Spherical triangles.  The sum of the interior angles of a Euclidean triangle is always 180(.  Well the sum of the interior angles of a Spherical Triangle varies and is always more than 180(.

4. Repeat this process for two other points C and D on L that are a distance apart – so that m(COD is 60.

5. How large is (CND?  How many degrees in this triangle?  

6. Is there a correspondence from (ABN to (CND that gives 3 corresponding congruent angles and 3 corresponding sides?  No.   Then these triangles are not congruent.

We do have SAS as a shortcut to declaring congruence – it’s the last axiom on the list.  So it works in EG and SG.  But not all of the other little shortcuts like AAS, SSS, ASA work

Is the Euclidean triangle congruence shortcut AAS satisfied? Well, unfortunately, no.  Sides AN, BN, CN, and DN are all congruent and the base angles are congruent too.  So if we use the Euclidean shortcut to congruence AAS, we’d declare them to be congruent when they’re not.  This is a big difference with Euclidean geometry.

SSA is down the tubes, too.  It doesn’t work at all as a shortcut to declaring congruence. Of course, it doesn’t work in Euclidean either so it’s a real failure.  But students love it and continue to suggest it year after year.  If you spell it backwards you can see what I tell my students they are for suggesting it. 

Is SSS a good shortcut in Spherical?  Build some triangles and see what you find out.  How about ASA?

Do these triangles enclose a finite amount of area?  Sure they do.  So we can talk about area of a Spherical triangle; we just can’t use the Euclidean formula.

Girard’s Theorem:

The area of a triangle is the product of the square of the radius and (the sum of the measures of the angles less pi).
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 = area of a spherical triangle.

Note that the Euclidean formula is focused on lengths, base length and side length, while the Spherical formula involves only the angle measure.

Do we have right triangles?  Sure we do.  In fact, there are isosceles and equilateral right triangles in Spherical geometry.  See if you can find these on the ball.  One of each.  How do the interior angles add up in these triangles?

What about the Pythagorean Theorem?  

Try using the Pythagorean Theorem with your equilateral right triangle.  Does it work?

On to quadrilaterals.

Put one on your ball.  You can do this easily if you have the equator and two perpendiculars to the equator…then move up and run a line across the perpendiculars.

Can we use decomposition to discuss the sum of the interior angles of a quadrilateral? Sure, run a diagonal (we still have those) and get two triangles.  180 + a is the sum of the interior angles of one triangle and 180 + b is sum of the interior angles of the other.  Together they add to 360 + a + b…more than 360.

Do we have squares and rectangles?  What are the defining characteristics of these?  

Actually, we can’t have them.  If the 2 base angles are 90(, then the angles at the top are going to be more than 90.  So no squares and no rectangles.  Those are strictly Euclidean.

Circles:  We have them and they even look like circles, too.  And they have almost the same definition, too.  A circle is the set of all points equidistant from the centers.

Unfortunately, spherical circles have two centers.  If you sketch a circle on your ball, make it kind of small so you can see it at a glance.  Put a sticky dot on the center. Now, run your finger around to the antipodal point of the center.  Can’t you draw a radius from each center to the circle – one is longer than the other, for sure, but if you draw a bunch of radii from the antipodal point to the circle, they’ll all be the same length.  So, two centers.

Well, that takes us through a little bit of Spherical Geometry.  We’ll be going back to Chapter 3 next.  Note that there’s homework for this section that isn’t numbered.  It’s just a separate assignment to turn in.

Spherical Geometry Homework

On a separate sheet of paper list the following 25 things – legibly!:

· Make a list of 10 things that are the same in Euclidean geometry and Spherical Geometry under the Neutral Geometry axiom system.

You must list all the axioms that are the same as 1 “thing”.  You may not list Axiom 2 and Axiom 3 as two things that are the same.

· Make a list of 10 things that are different in Euclidean geometry and Spherical Geometry.  You must list all the axioms that are different as 1 “thing”.

· Make a list of 5 good web sites that taught you something about Spherical Geometry.  List the site and what you learned…what you liked about it and whether it might be appropriate for a high school supplement were you to teach Spherical Geometry to your students.
If you can’t find 10 things AFTER sharing information with your classmates, then fill in with good websites that discuss Spherical Geometry…not the ones that are too hard, the ones that appeal to you and helped you learn something more about the subject.

Here are two good ones that you may use to get your list started:

http://www.math.uncc.edu/~droyster/math3181/notes/hyprgeom/node5.html
http://chickscope.itg.uiuc.edu/explore/eggmath/geom/
Helping each other is encouraged, as always.
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